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Gravitational contributions to the running of gauge couplings are calculated by using different 
regularization schemes. As the 13 function concerns counter-terms of dimension four, only quadratical 
divergencies from the gravitational contributions need to be investigated. A consistent result is 
obtained by using a symmetry-preserving loop regularization with string-mode regulators which 
can appropriately treat the quadratical divergencies and preserve non-abelian gauge symmetry. 
The harmonic gauge condition for gravity is used in both diagrammatical and background field 
calculations, the resulting gravitational corrections to the /3 function are found to be nonzero, such 
a conclusion is in general regularization scheme independent as long as the regularization schemes 
preserve non-abelian gauge symmetry and maintain the divergent behavior of original integrals. 



PACS numbers: ll.lO.Hi, 04.60.-m 



Introduction: Enclosing general relativity into the 
framework of quantum field theory is one of the most 
interesting and frustrating questions. Since its coupling 
constant n is of negative mass dimension, general rel- 
ativity has isolated itself from the renormalizable the- 
ories. Renormalization is tightly connected with sym- 
metry and divergency of loop diagrams. It was until 
the invention of dimensional regularization T] that diver- 
gencies of gravitation were not investigated systemati- 
cally. Although, pure gravity at one-loop is free of phys- 
ically relevant divergencies [3], if higher- loop diagrams 
are considered, higher dimensional counter-terms are 
needed to add to the original lagrangian. With the hope 
that quantum gravity, coupled with other fields, might 
show some miraculous cancelations, Einstein-Scalar sys- 
tem was investigated by using dimensional regulariza- 
tion which makes all divergencies reduced to logarith- 
mic ones, and found to be non- renormalizable 3] . Later, 
Einstein-Maxwell, Einstein-Dirac, and Einstein- Yang- 
Mills systems were studied and shown to be also non- 
renormalizableQ. In spite of this theoretical inconsis- 
tence of general relativity and quantum field theory, we 
cannot deny that gravity has effect on ordinary fields and 
it contributes to the corrections of physical results since 
all matter has gravitational interaction. Treating general 
relativity as an effective field theory provides a practical 
way to look into quantum gravity's effects [3|- 

Recently, Robinson and Wilczek [0] calculated gravi- 
tational corrections on gauge theory and arrived at an 
interesting observation that at or beyond Planck scale, 
all gauge theories, abelian or non-abelian, are asymptot- 
ically free due to gravitational corrections to the running 
of gauge couplings. The result obtained in ref.fGj has 
attracted one's attention. After reconsidering gravita- 
tional effects on gauge theories, different conclusions were 
reached by several groups. The result in f3|| was derived 
in the framework of background field method, as such 
a method has off-shell and gauge-dependent problem, it 
was shown in [3] that the result obtained in Q is gauge 
dependent, and the gravitational correction to (3 func- 



tion at one-loop order is absent in the harmonic gauge 
or general ^-gauge. Using Vilkovisky-DeWitt method, 
it was found in 'Si that the gravitational corrections to 
the (3 function also vanishes in dimensional regulariza- 
tion. Late on, a diagrammatical calculation for two and 
three point functions was performed in 9] to obtain the 
(3 function by using cut-off and dimensional regulariza- 
tion schemes, as a consequence, the same conclusion was 
yielded that quadratical divergencies are absent. 

In all these calculations, the crucial question concerns 
how to appropriately treat quadratical divergencies. If 
gravitational corrections have no quadratical divergen- 
cies, there would be no change to the /3 function of 
gauge couplings. However, we know that in dimen- 
sional regularization all divergencies are reduced to log- 
arithmic ones, and in cut-off regularization the gauge 
invariance cannot be maintained. To arrive at a con- 
sistent conclusion whether gravitational corrections af- 
fect the running of gauge couplings, one should make a 
careful calculation by using a symmetry-preserving and 
quadratic divergence-keeping regularization scheme. For 
this purpose, we shall apply in this paper the symmetry- 
preserving Loop Regularization (LR) with string-mode 
regulators (lOJ to evaluate the gravitational contributions 
to the running of gauge couplings. This is because the LR 
method has been shown to preserve both the non-abelian 
gauge symmetry and the divergent behavior of original 
integrals, it has be applied to consistently obtain all 
one-loop renormalization constants of non-abelian gauge 
theory and QCD /3 function[ll|, to derive the dynam- 
ically generated spontaneous chiral symmetry breaking 
in chiral effective field theory [l2|, to clarify the ambi- 
guities of quantum chiral anomalous [13[ and the topo- 
logical Lorentz/CPT violating Chern-Simons term[lj], 
and to verify the supersymmetric Ward identities and 
non-renormalizatiuon theorem in supersymmetric field 
theories |15|. 

In the following, after briefiy introducing the 
symmetry-preserving Loop Regularization (LR) method 
proposed in [lO|, and presenting the general formalism 



needed for considering gravitational effects, we first make 
a careful check to recover the results obtained in [3, [a, Q 
by using dimensional and cut-off regularization schemes. 
Then by using the LR method with both the diagram- 
matical and background field method calculations, we 
present new results. Finally, we arrive at a regularization 
scheme independent conclusion for gravitational contri- 
butions. 

Loop Regularization: all loop calculations of 
Feynman diagrams can be reduced, after Feynman 
parametrization and momentum translation, into some 
simple scalar and tensor type loop integrals. For diver- 
gent integrals, a regularization is needed to make them 
physically meaningful. There are many kinds of regular- 
ization schemes in literature. For the reason mentioned 
above, we shall adopt the Loop Regularization method. 
In the LR method, the crucial concept is the introduc- 
tion of the irreducible loop integrals (ILIs) [10] which are 
defined, for example, at one-loop level as 
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and higher rank of tensor integrals, with a — —1,0, 1, .... 
Here I2 and /q denote the quadratic and logarithmic 
divergent ILIs respectively. In general, the divergent 
integrals are meaningless. To see that, let us exam- 
ine tensor and scale type quadratical divergent ILIs 
^2/ii/(0) and 12(0), one can always write down, from 
the Lorentz decomposition, the general relation that 
^2/ii/(0) = ag^^l2{0) with a to be determined appropri- 
ately. When naively multiplying g'^'^ on both sides of the 
relation, one yields a = 1/4, which is actually no longer 
valid due to divergent integrals. To demonstrate that, 
considering the zero component /200 of tensor ILIs l2^i, , 
and performing an integration over the momentum fc*^ 
for both /200 and I2 , it is then not difficult to found after 
comparing both sides of the relation that a = 1/2 which 
should hold as the integrations over k'^ for /200 and I2 
are convergent. To check its consistence, considering the 
vacuum polarization of QED. In terms of the ILIs, the 
vacuum polarization is given by 
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= -4e^ / dx[2l2^^^im) - l2im)g^^ 

+ 22:(1 - x){p^gf,i, - Pf,Pv)h{m)\ (2) 



which shows that only quadratical divergencies violate 
gauge invariance. If an explicit regularization has a prop- 
erty that the regularized quadratical divergencies satisfy 
the consistency condition 



qua 

m 



TR - In T^ 



(3) 



namely a — 1/2, then the vacuum polarization becomes 
gauge invariant. Here the superscript "R" denotes the 



regularized ILIs. As is well-known, the cut-off regular- 
ization does not lead to such a consistency condition, so 
it destroys gauge invariance. Though dimensional regu- 
larization preserves gauge invariance with the above con- 
sistency condition, nevertheless, dimensional regulariza- 
tion does not maintain the divergent behavior of original 
integrals. The LR method has been shown to satisfy the 
consistency conditions and meanwhile maintain the di- 
vergent behavior of original integrals [lO| . The regularized 
divergent ILIs in loop regularization have the following 
exphcit results [l3| 
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Here the scales M^ and /is play the rule of characteristic 
energy scale and sliding energy scale. A detailed deriva- 
tion is referred to ref . [lO| . 

General Formalism: The action of Einstein- Yang- 
Mills theory is 
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where R is Ricci scalar and J^° is the Yang-Mills fields 
strength JF^^ = V^Ai, - V^A^ - ig[A^,Aiy]. It is hard 
to quantize this lagrangian because of gravity-part's non- 
linearity and minus-dimension coupling constant k = 
VT&ttG. Usually, one expands the metric tensor around 
a background metric gfj,^, and treats graviton field as 
quantum fluctuation /i^^ propagating on the background 
space-time determined by 5^,^. 
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The above expansion is exact, but the expansions of in- 
verse metric and determinant are approximate with ig- 
noring higher-order terms. To the second order in k. 
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In fact, the above expansion is an infinite series and the 
truncation is up to the question considered. These infi- 
nite series partly indicate that gravity is not renormal- 
izable. From this perspective, it is more accurate to say 
that the system is treated as an effective field theory. Af- 
ter assembling the same order terms in k, we could get 
the lagrangian for usual quantization. 



Diagrammatical Calculation: Let us set ^^^ = 77^1/, 
where 77^1^ is the Minkowski metric, h^^ is interpreted 
as graviton field, fluctuating in flat space-time. The la- 
grangian can be arranged to different orders of h^^i, or k. 
The free part of gravitation is of order unit and gives the 
graviton propagator [^ 
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in the harmonic gauge C^ — d^h^^^ — \d^h'^ — 0. For 
simplicity, in the following, the metric g'^'^ is understood 
as r]'^'^. The interactions of gauge field and gravity field 
are determined by expanding the second term of the la- 
grangian ^. And various vertex could be derived. De- 
tails of these Feynman rules are referred to Q . Using the 
traditional Feynman diagram calculations, we can com- 
pute the /3 function by evaluating two and three point 
functions of gauge fields. These green functions are gen- 
eral divergent, so counter-terms are needed to cancel 
these divergencies. The relevant counter-terms to the 
/3 function are 
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The P function is defined as (3{g) 

In gauge theories without gravity, the counter-terms are 
logarithmical divergent as the quadratical divergencies 
cancel each other due to the gauge symmetry. However, 
if gravitational corrections are taken into account, diver- 
gent behavior becomes different. On dimensional ground, 
it is known that quadratical divergencies can appear and 
will contribute to the counter-terms defined above, so 
that they will also lead to the corrections to the (3 func- 
tion. Although gravitational corrections contain logarith- 
mical divergencies, these divergencies are multiplied by 
high order momentum. So logarithmical divergencies will 
lead us to introduce counter-terms of six dimension, like 
Tr[{D^F,p)^], Tr[{D''F^,)^] and Tr[Fi:FPFji]. These 
terms do not affect [3 function of gauge coupling constant. 
So, in later calculations, we will omit the logarithmic di- 
vergencies and only pay our attention to the quadratical 
divergencies. For convenience, the gravitational contri- 
butions arc labeled with a superscript k. 
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It can be shown that at one-loop level, gravity will 
contribute to two and three point functions from five di- 
agrams (see Fig.l). The first two diagrams are corre- 
sponding to two point function, and the other three dia- 
grams are for three point function. One can easily show 
that Fig. 1(c) has no quadratical divergencies and only 
logarithmic divergences are left. For Fig 1(d) I as one of 



the end of graviton propagator could be attached to any 
gauge external leg, there are two similar contributions 




FIG. 1: Feynman diagrams that gravitation contributes at 
one loop order to gauge two and three point functions. 



which can be obtained with a cycle for the momenta and 
their corresponding Lorentz index. In harmonic gauge, 
the two point functions from Fig. 1(a) and Fig. 1(b) are 
found in terms of ILIs to be 
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and the three point functions from Fig 1 (d) and Fig. 1 (e) 
are found, when keeping only the quadratically divergent 
terms, to be 

(^g'^-q.I^^ ~ g^Pq.ir + q'lr - 'Z^^2') (MD 

(Ml) 
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with Ai^ = x{x — l)q^. Contraction is performed by 
using FeynCalc package (la]. 

Now we shall apply the different regularization schemes 
to the divergent ILIs. In cut-off regularization, when 
keeping only quadratical divergent terms, one has 
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The resulting two and three point functions are 
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which agrees with the result obtained in Q . 

In dimensional regularization, where I^{0) — and 

^2ui/ — 29fJ^'^^2^ ^^^ ^^"^ ^^^ three point functions are 
found to be 
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where the regularized quadratic divergence in dimen- 
sional regularization behaves as the logarithmic one 
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So far, we have shown that in both cut-off regulariza- 
tion and dimensional regularization, there are no gravita- 
tional corrections to the gauge/? function, which agrees 
with the ones yielded in 0, la Q • 

We now make a calculation by using loop regulariza- 
tion. With the consistency condition /^^^ = \9tivl2 ^ ^^ 
obtain for two and three point functions 
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from which wc can directly read off the two-point and 
three-point counter-terms 82 ^'^'^ '^i respectively 
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Putting 51 and (Jj into Eq. p^ . we obtain the gravita- 
tional corrections to the gauge (3 function 
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which shows that there are gravitational quadratic cor- 
rections to the gauge /? function when loop regularization 
method is adopted to evaluate the quadratic divergent 
integrals, which opposites to the conclusions yielded by 
using the cut-off and dimensional regularization schemes. 
Background Field Method: we have also performed 
a calculation by using the background field formalism. 
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FIG. 2: An illustration of gravitational contributions to the 
running of gauge couplings based on MSSM 



By using the loop regularization method and taking the 
generalized harmonic gauge condition suggested in [o| 
that Ci^ih) - '4f'^'"'K = 0, we then obtain the same /3 
function correction as eq. (p4| which has the same sign as 
the one in Q. 

In general, the total /3 function of gauge field theo- 
ries including the gravitational effects may be written as 
follows 
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(25) 
The interesting feature of gauge theory interactions is the 
possible gauge couplings unification [13, [3 ^^ ultra-high 
energy scale when the gravitational effects are absent. 
To illustrate the effects of gravitational contributions, we 
plot in Fig. 2 the running of gauge couplings based on 
the minimal supersymmetric standard model (MSSM) in 
which the three gauge couplings are unified at the energy 
scale 10^6 GeV. 

Where the running of gauge couplings in MSSM with- 
out gravitational contributions is known to be 
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with experimental input at Mz 



a-^{Mz) = 58.97 ±0.05, 
Q-i(Mz) =29.61 ±0.05, 
a-'^{Mz) =8.47 ±0.22 



(27) 



It is noticed from Fig. 2 that only in the energy scale 
near and above Planck energy scale (~ 10^^ GeV) the 
gravitational effects become significant. 

Conclusions: we have investigated the gravitational 
contributions to the running of gauge couplings by adopt- 



ing different regularization schemes. From the above ex- 
phcit calculations, it is not difficult to see that the dif- 
ferent conclusions resulted from different regularization 
schemes mainly arise from the treatment for the quadrat- 
ical divergent integrals. In fact, as long as taking the 
consistency condition for the regularized quadratic di- 
vergent ILIs that I^ = hg^pl2 , a-nd maintaining the 
quadratic divergent behavior for the regularized ILIs /^, 
one can then arrive at a regularization scheme indepen- 
dent conclusion that the gravitational quadratic correc- 
tions to the gauge /3 function are in general nonzero in the 
harmonic gauge condition. It is of interest to note that 
the quadratic corrections in pure gauge theory are know 
to cancel each other due to the gauge symmetry [l3|, while 
the gravitational quadratic corrections to the running of 
gauge couplings are all gauge invariant and there is no 



symmetry to forbid their existence. In particular, if the 
harmonic gauge in the gravitational theory can be shown 
to be specially meaningful in physics, we then come to a 
general conclusion, from the discussions presented in [6|, 
that all gauge theories at or beyond Planck scale become 
asymptotically free as the resulting (3 function from the 
gravitational corrections are negative in this case. 
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